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BETTI NUMBERS OF UNORDERED CONFIGURATION
SPACES OF THE TORUS
CHRISTOPH SCHIESSL
Abstract. Using a method of Fe´lix and Thomas we compute the Betti
numbers of unordered configuration spaces of the torus.
1. Introduction
Let X be a topological space. We denote by
Fn(X) = {(x1, . . . , xn) ∈ X
n : xi 6= xj for i 6= j}
the space of ordered configurations of n distinct points on X. The group Sn
acts freely on Fn(X) by permuting the n points. The quotient
Cn(X) = Fn(X)/Sn
is the space of unordered configurations of n points on X.
In the context of representation stability, Church showed that for a con-
nected, orientable manifoldM of finite type the rational cohomology groups
H i(Cn(M),Q) stabilise for n > i [Chu12, Cor. 3]. However, very few of these
stable Betti numbers have been explicitly computed. Fe´lix and Thomas
[FT00] showed that for a closed, orientable, nilpotent, even-dimensional
manifold M , the rational Betti numbers of Cn(M) are determined by the
rational cohomology algebra H∗(M,Q). They constructed an explicit dif-
ferential graded algebra that we use to compute the Betti numbers of the
unordered configuration spaces of the torus Σ1 = S
1 × S1.
Theorem. Suppose n ≥ 2. Then
dimQH
i(Cn(Σ1),Q) =


n−2
2
i = n+ 1, n even
n+1
2
i = n+ 1, n odd
3n−4
2
i = n, n even
3n−1
2
i = n, n odd
2i− 1 2 ≤ i < n
2 i = 1
1 i = 0.
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Azam [Aza15] determined the rational Betti numbers of configuration
spaces of Riemann surfaces for n = 2, 3 in any genus and for n = 4 in
genus 1 by the Kriz model [Kri94]. Napolitano [Nap03] computed the inte-
gral cohomology groups of Cn(Σ1) for n ≤ 7 using a cellular decomposition.
Drummond-Cole and Knudsen announced computations of Betti numbers
for unordered configuration spaces of surfaces for all genera by a different
method [Knu14, p. 30].
The theorem has been tested for all n ≤ 20 using the computer algebra
system SAGE [Dev15].
2. Conventions
We consider n ≥ 2 as C1(X) ≃ X. We will always work with cohomol-
ogy/homology with Q-coefficients and identify
H∗(M,Q) = HomQ(H∗(M,Q),Q)
. The free Q-vector space with basis x1, . . . , xn is denoted by 〈x1, . . . , xn〉.
For any differential graded commutative algebra (A, d), we use the sign
convention xy = (−1)deg x deg yyx and d(xy) = d(x)y + (−1)deg xxd(y) for
homogenous x, y ∈ A. We have the free graded commutative algebra Λ(V )
on any graded vector space V with
Λ(V ) = Exterior algebra (V odd)⊗ Symmetric algebra (V even).
3. Construction of the algebra
Let M be a manifold. The cup product gives a map
∪ : H∗(M)⊗H∗(M)→ H∗(M),
which dualizes to the diagonal comultiplication
∆: H∗(M)→ H∗(M)⊗H∗(M).
Using a basis ei of H
∗(M) the map ∆ is given by
∆(e∗k) =
∑
i,j
(coefficient of ek in ei ∪ ej) e
∗
i ⊗ e
∗
j ,
where e∗i denotes the dual basis of H∗(M).
Set m = dim(M). We take two shifted copies V,W of the vector space
H∗(M) with (upper) grading
V m−r = Hr(M) W
2m−1−r = Hr(M).
We endow the free graded algebra Ω = Λ(V ⊕W ) with the unique differential
D of degree 1 such that
D|V = 0 D|W : W ≃ H∗(M)
∆
−→ Λ2H∗(M) ≃ Λ
2V.
A lower grading
Ω =
⊕
n≥0
Ωn
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can be defined by putting V in degree 1 and W in degree 2. Hence we have
Ωn =
⊕
r+2s=n
ΛrV ⊗ ΛsW.
The vectorspace Ωn is also graded
Ωn =
⊕
i≥0
Ωin
by the upper grading inherited from Ω. As D(W ) ⊂ Λ2V , the differential
D respects the lower grading and Ωn is a subcomplex of (Ω,D).
Fe´lix and Thomas showed that (Ωn,D) is a model for the cohomology of
H∗(Cn(M),Q).
Theorem 3.1. [FT00, Th. A(2)] Let M be an orientable, closed, nilpotent,
even-dimensional manifold. There is an isomorphism of graded vector spaces
H∗(Cn(M),Q) ≃ H
∗(Ωn,D).
4. Configuration spaces of the torus
Now we apply this theorem for the torus Σ1. Its cohomology algebra is
H∗(Σ1) = 〈1, a, b, ab〉 with deg(a) = deg(b) = 1 and the relations ab = −ba,
a2 = b2 = 0. As pi1(Σ1) = Z
2 is abelian and the higher homotopy groups of
Σ1 vanish, Σ1 is a nilpotent space. We introduce the graded vector spaces
V = 〈v1, va, vb, vab〉 and W = 〈w1, wa, wb, wab〉 with degrees
deg v1 = 2 degw1 = 3
deg va = 1 degwa = 2
deg vb = 1 degwb = 2
deg vab = 0 degwab = 1.
We look at the graded algebra Ω = Λ〈v1, va, vb, vab, w1, wa, wb, wab〉 with the
differential D given by
D(v1) = 0 D(w1) = v
2
1
D(va) = 0 D(wa) = 2v1va
D(vb) = 0 D(wb) = 2v1vb
D(vab) = 0 D(wab) = 2v1vab + 2vavb.
By Theorem 3.1 we have to compute the cohomology groups of the subcom-
plexes
Ωn =
⊕
r+2s=n
ΛrV ⊕ ΛsW.
We will do this by embedding them into the algebra
Θ = Λ〈v1, va, vb, w1, wa, wb, wab〉,
with differential d given by:
d(v1) = 0 d(w1) = v
2
1
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d(va) = 0 d(wa) = 2v1va
d(vb) = 0 d(wb) = 2v1vb
d(wab) = 2v1 + 2vavb.
All variables have the same grading as in Ω; we only set vab = 1.
Lemma 4.1. There is an isomorphism H i(Ωn,D) ≃ H
i(Θ, d) for i < n.
Proof. The injective map
pi : Ωn → Θ, vab 7→ 1
respects the grading as deg vab = 0 and commutes with the differentials.
Take a degree i < n and any monomial∏
vekk
∏
wfll ∈ Θ
i
of degree i. The only generators of Ω where the lower degree exceeds the
upper one are vab and wab. As w
2
ab = 0 we see∑
ek + 2
∑
fl ≤ i+ 1.
So the monomial
v
n−
∑
ek−2
∑
fl
ab
∏
vekk
∏
wfll
is in Ωn and
pi(v
n−
∑
ek−2
∑
fl
ab
∏
vekk
∏
wfll ) =
∏
vekk
∏
wfll .
Thus pi is also surjective in degree i. Altogether, pi induces an isomorphism
H i(Ωn, d) ≃ H
i(Θ, d) for i < n. 
In order to compute the Betti numbers of (Θ, d) we compare d with the
simpler differential d0 given by
d0(v1) = 0 d0(w1) = 0
d0(va) = 0 d0(wa) = 0
d0(vb) = 0 d0(wb) = 0
d0(wab) = 2v1 + 2vavb
Lemma 4.2. There is an isomorphism ϕ : (Θ, d0)→ (Θ, d).
Proof. It can be explicitly given by
ϕ(v1) = v1 ϕ(w1) = w1 −
1
2
v1wab +
1
2
vbwa
ϕ(va) = va ϕ(wa) = wa + vawab
ϕ(vb) = vb ϕ(wb) = wb + vbwab
ϕ(wab) = wab
As d(ϕ(w1)) = d(ϕ(wa)) = d(ϕ(wb)) = 0, the map ϕ commutes with the
differentials. 
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Lemma 4.3. The Betti numbers of H∗(Θ, d0) are
dimQH
i(Θ, d0) =


1 i = 0
2 i = 1
2i− 1 i ≥ 2.
Proof. Denote T = Λ〈v1, va, vb, w1, wa, wb〉. Then we have Θ = T ⊕ Twab.
Observe that d0|T = 0. Take homogenous x, y ∈ T . We compute
d0(x+ ywab) = d0(x) + d0(y)wab ± yd0(wab) = ±2y(v1 + vavb).
As v1 has even degree, v1 + vavb is not a zero-divisor. So we know that
Ker(d0) = T and
H∗(Θ, d0) = T/(v1 + vavb) ≃ T/(v1) ≃ Λ〈va, vb, w1, wa, wb〉.
The Poincare´ series of Λ〈va, vb, w1, wa, wb〉 is
(1 + tdeg va)(1 + tdeg vb)(1 + tdegw1)
(1− tdegwa)(1− tdegwb)
=
(1 + t)2(1 + t3)
(1− t2)2
=
1 + t3
(1− t)2
,
which expands to
1 + 2t+ 3t2 + 5t3 + 7t4 + · · ·+ (2i− 1)ti + · · · . 
Combining Lemmas 4.1, 4.2 and 4.3 we have computed dimQH
i(Ωn) for
i < n.
Remark. We consider the morphism
p : Ωn → Λ〈va, vb, w1, wa, wb, wab〉, vab 7→ 1, v1 7→ −vavb.
The above proof shows that for any x ∈ ImD necessarily p(x) = 0.
Lemma 4.4. We have
dimQH
n+1(Ωn) =
{
n−2
2
n even
n+1
2
n odd
dimQH
i(Ωn) = 0 for i > n+ 1.
Proof. We denote Θ′ = Λ〈v1, va, vb, vab, wa, wb, wab〉. The only generators
with upper grading exceeding the lower grading are v1 and w1. Hence any
x ∈ Ωin with i > n can be written as x = v1f + w1g where f, g ∈ Θ
′. We
compute
D(x) = v1D(f) + v
2
1g − w1D(g).
As D(Θ′) ⊂ Θ′ we see that D(x) = 0 implies D(g) = 0. So x ∈ KerD if and
only if D(f) = −v1g. Therefore any x ∈ KerD is of the form
x(f) = v1f − w1
D(f)
v1
with f ∈ Θ′ such that v1|D(f).
We will now discuss when the cycles x(f) are a boundary. If f = v1h
then
D(w1h) = v
2
1h− w1D(h) = v1f − w1
D(f)
v1
= x(f).
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For any x(f) ∈ Ωin with i > n+ 1 we know that f has to be divisible by v1.
Hence H i(Ωn) = 0 for i > n+ 1.
Now we look at the case i = n+ 1. If vab|f or wab|f then v1|f for degree
reasons.
We consider the sets
Bodd = {w
n1
a w
n2
b | 2n1 + 2n2 + 1 = n; n1, n2 ≥ 0}
for odd degree n and
Beven = {vbwaw
n1
a w
n2
b | 2n1 + 2n2 + 4 = n; n1, n2 ≥ 0}
for even n.
If v1f = D(h) then D(f) = 0 and hence we get x(f) = D(h) ∈ Im(D).
Using the relations
D(vbw
n1+1
a w
n2
b ) = −2(n1 + 1)v1vavbw
n1
a w
n2
b
D(wn1+1a ) = 2(n1 + 1)v1vaw
n1
a
D(wn1+1b ) = 2(n1 + 1)v1vbw
n1
b
D(wn1+1a w
n2+1
b ) = 2(n1 + 1)v1vaw
n1
a w
n2+1
b + 2(n2 + 1)v1vbw
n1+1
a w
n2
b
we conclude that the set {x(b)|b ∈ Beven} resp. {x(b)|b ∈ Bodd} is a gener-
ating system of Hn+1(Ωn) for even resp. odd n.
By applying p we see that no non-trivial linear combinations of these gen-
erating sets are boundaries. Hence we found an explicit basis of Hn+1(Ωn).

Lemma 4.5. We have
dimQH
n(Ωn) =
{
3n−4
2
n even
3n−1
2
n odd
.
Proof. As the torus acts freely on Cn(Σ1) we have χ(Ωn) = 0. Using the
above computation of dimQH
n+1(Ωn) and
n−1∑
i=0
dimQH
i(Ωn) = 1− 2 + 3 + · · ·+ (−1)
n−1(2n − 3) = (−1)n−1(n− 1)
we can reconstruct the only missing Betti number dimQH
n(Ωn). 
Combining all lemmas, we have computed dimQH
i(Cn(Σ1),Q) for all i.
We reproduce exactly the stability result
dimQH
i(Cn+1(Σ1),Q) = dimQH
i(Cn(Σ1),Q)
for n > i of Church [Chu12, Cor. 3].
Remark. Let d ≥ 1. With the same method one immediately finds for n ≥ 3
dimQH
i(Cn(S
2d),Q) =
{
1 for i = 0, 4d− 1
0 otherwise,
which has also been computed by [RW13], [Sal04].
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Remark. It seems that our method does not work for surfaces of genus g > 1
because the differential can not be deformed as in Lemma 4.2.
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